Abstract. In this paper, for coprime numbers p and q we consider the Dedekind sums
First, we give an improvement of the proof given by H. Rademacher and A. Whiteman [2] , and we construct a new arithmetical proof for the reciprocity law S (p, q) + S (q, p) = p 2 + q 2 + 1 12pq
different of all the arithmetical proofs given until now.
Second, we found explicit formula of S (p, q) for q ≡ 1, p − 1, 2, p − 2, 3, p − 3, p − 4 and 4[p].
1. Introduction and statement of main results 1.1. Introduction. In the literature there are several different proofs of the reciprocity law for Dedekind-Rademacher sums, H. Rademacher and E. Grosswald (in [3] ) have constructed four proofs. In this work, we are interested by the arithmetical ones. First we give an improvement of the proof of H. Rademacher and A. Whiteman [2, §3] . In the second time, using Euclidean division, we give a new arithmetical proof of such reciprocity law. Taking q ≡ b(p), the idea of the proof consists to write S(p, q) + S(q, p) = P (b), where P is a polynomial of degree 3. After we establish that P is a constant polynomial, and
Finally from the reciprocity law and the expression of S (p, q) we found explicit formula of S (p, q) for q ≡ 1, p − 1, 2, p − 2, 3, p − 3, p − 4 and 4 [p] .
In this work, we need the following two well-known results for finite sums
which can be proven by recursion.
Statement of main results. Let the first normalized Bernoulli function
Where {t} = t − ⌊t⌋, and ⌊t⌋ is the greater integer less then t.
For p, q two coprime numbers, where q is any integer, and p, is of course a positive integer consider the Dedekind sums
Without losing generality only we consider in this work p < q and p, q coprime. In this case 
The reciprocity law in (1.6) involves the reciprocity law of s (p, q):
Specifically in the case q ≡ 1, 2, 3 and 4[p], we obtain Theorem 1.2. For p < q positive coprime numbers, we have
As a consequence we deduce for q ≡ p − 1, p − 2, p − 3 and p − 4 modulo p that Corollary 1.1. For p < q positive coprime numbers, we have
Improvement of the short proof of Rademacher and Whiteman
Here we give an improvement of the short proof of Rademacher and Whiteman [2] different from the proof given by L. J. Mordell. [1] . To do this we need the following lemma. 
We compute the value of the sum
with two different methods, and the comparison of the results gives the proof of the reciprocity law.
In one hand we have
In other hand
and from the value of q−1 r=1 t< rp q t in Lemma (2.1) we deduce that
and then
3. Proof of Theorem 1.1 and Theorem 1.2
We start this section with some useful preliminaries results.
finite sums involving fractional part function.
Lemma 3.1.
(3.1)
Proof. rp q
Finally for the relation (3.4) we have
Corollary 3.1.
From the relation (1.2) we deduce the result (3.5).
From the relation (3.1) Lemma 3.1 we deduce that
Some properties of the Dedekind sums S(p, q).
Lemma 3.2. For p, q coprime such that p < q, we have
Proof. Using the well known property of the fractional part function for any real x:
{x} + {−x} = 1 we deduce that
From the relation (3.1) lemma 3.1 we deduce that
The following proposition gives a new expression of S (p, q) as a sum of three quantities. Since r lies to the set {1, 2, 3, ..., q − 1} and q = ap + b we can write r = an + t with 0 n p − 1 and 1 t a for r between 1 and q − b. And r = ap + t for 1 t b − 1 when r lies to {ap + 1, ..., ap + b}. Then we distingue two cases b=1: in this case r lies to the set {1, 2, ..., ap} and then
One remarks that p (an + t) = (ap + 1) n + pt − n = qn + pt − n, 1 < pt − n q − 1, and 1 < an + t q − 1.
and we obtain an + t q
Remark that
pt − pb < 0, (1 < q + pt − pb < q − 1) and |pt − nb| < q.
We deduce that
(an + t) .
Then the result follows
The following lemma computes the three sums in the relation (3.9) of the Proposition 3.1.
Proof. For the relation (3.10) we have
Since ap = q − b,ap + p = q + p − b and 2ap + p = 2q + p − 2b, we obtain
For the second relation (3.11) we have
For the last one (3.12), we have
The substitution of the relations (3.10), (3.11) and (3.12) of Lemma 3.3 in the relation (3.9) of the proposition 3.1 conduct to the following result. 
3.3. Proof of Theorem 1.1. In the case b=1. Taking b = 1 in the relation (3.10) Lemma 3.3 we obtain
and from the relation (3.5) Corollary 3.1, we deduce that
Then (3.14)
Substitute the relations (3.15), (3.16) and (3.17) in the relation (3.14) we get the result. 
